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Introduction
In a recent paper [3] we studied 5-dimensional manifolds (M 5 , g, Υ ) equipped with the Riemannian metric tensor g ij and a 3-tensor Υ ijk such that
It turns out that the quadratic condition (iii) selects from all the symmetric totally trace free 3-tensors in R 5 only such a one whose stabilizer in SO(5) is the irreducible SO(3).
The geometry of Riemannian 5-manifolds (M 5 , g, Υ ) is particularly interesting if the tensor Υ satisfies the nearly integrability [3] condition ( LC ∇vΥ) (v, v, v) ≡ 0.
(1.1)
In which dimensions n the Euclidean space (R n , g) can be equipped with a tensor Υ satisfying conditions (i)-(iii)?
It is rather easy to show that dimensions n ≤ 4 do not admit such a tensor. Following [3] we know that in dimension n = 5 the tensor Υ may be defined by Thus, Υ is defined as a tensor whose components are coefficients of the homogeneous polynomial of third degree obtained as the determinant of a generic 3 × 3 real symmetric trace free matrix.
Dimensions 5, 8, 14 and 26
Robert Bryant [4] remarks that other dimensions in which Υ with properties (i)-(iii) surely exists are: n = 8, n = 14 and n = 26. This is essentially due to the fact that numbers 5, 8, 14 and 26 are values of the sequence n k = 3k + 2 for k = 1, 2, 4 and 8, respectively. These four values of k correspond to the only possible dimensions of the normed division algebras R, C, H and O. To fully explain Bryant's remark we need some preparation.
Let K = R, C, H or O and let A ∈ M 3×3 (K) be a hermitian 3 × 3-matrix with entries in K. The word 'hermitian' here means that the entries a ij and a ji of A are mutually conjugate in K, i.e. a ji = a ij for i, j = 1, 2, 3. In particular, the entries a 11 , a 22 , a 33 ∈ R.
We may formally write det A = π∈S 3 sgn πa 1π(1) a 2π (2) Note that despite the possible noncommutativity, or even nonassociativity, of the product, the values of the first four monomials in the above formal expression are well defined. This is because among the three factors in each of the four monomials, at least one is a real number a ii , the other two being either both real (in the first term) or conjugate to each other (in the remaining three terms). Thus, the values of these four monomials are real numbers and do not depend on the order of their factors and the order of the multiplication. Passing to the last two terms in the formula for det A we see, that a priori there are a huge number of possibilities to order the factors and the brackets in these two terms. But the requirement that the sum of these terms is real reduces this huge number to only 12 possibilities. It turns out that out of these 12 possibilities only two are really different. They are all equal either to (a 12 a 23 )a 31 + a 13 Let (e 0 , e 1 , e 2 , e 3 , e 4 , e 5 , e 6 , e 7 ) be the unit octonions. We have: e 2 0 = 1 = −e 2 µ , e µ e µ+1 = e µ+3 , e µ e ν = −e ν e µ , µ = ν = 1, 2, 3, . . . , 7, with additional relations resulting from the cyclic permutation of each triple (e µ , e µ+1 , e µ+3 ).
It is convenient to introduce in full analogy to the matrix entering the formula (1.3). Now, we have two 'characteristic polynomials': det 1 (A − λI) and det 2 (A − λI). They can be written as:
where ( X) I = x I , I = 1, 2, 3, . . . , n k = 3k + 2 and k = 1, 2, 4, 8. The bilinear form is:
and the two ternary forms are It is remarkable that it can be proven that these examples exhaust all the possibilities! To discuss this statement we need to invoke Elie Cartan's results on 'isoparametric hypersurfaces in spheres' [7] .
Isoparametric hypersurfaces in spheres
We recall (see. e.g. [14] ) that a hypersurface in a real Riemannian manifold M of constant curvature is called isoparametric iff it has constant principal curvatures. Tuglio Levi-Civita [13] knew that the number of such distinct curvatures was at most two for the Euclidean space M = R 3 . The case of M = R n with arbitrary n > 3 is similar. It was shown by Beniamino Segre [15] that irrespectively of n the number of distinct principal curvatures of an isoparametric hypersurface in M = R n is at most two. Elie Cartan [6] extended this result to the isoparametric hypersurfaces in the hyperbolic spaces H n again showing that in such a case the number of possible distinct principal curvatures is at most two. The situation is quite different for isoparametric hypersurfaces in spheres S n . In particular Cartan in Ref. [7] found examples of isoparametric hypersurfaces in spheres with three different principal curvatures, each of which had the same multiplicity. He also introduced a homogeneous polynomial
and proved that all the isoparametric hypersurfaces in S n−1 which have p different constant principal curvatures of the same multiplicity are given by
i.e. that they are the level surfaces of such polynomials F restricted to the sphere.
Cartan found all the homogeneous harmonic polynomials of degree p = 3 satisfying condition (Ciii). In doing that he proved [7] that such polynomials can exist only if n = n k = 5, 8, 14, 26 . In these four dimensions he found that the most general form of the polynomials is 
where g IJ = diag(1, 1, . . . , 1) . Note that in case p = 3 the above tensor reduces to Υ IJK and conditions (Cii ) and (Ciii ) become exactly the respective conditions (ii) and (iii) of Proposition 2.2. Since Υ IJK is totally symmetric also the condition (i) is satisfied. Thus, Cartan's finding of all isoparametric hypersurfaces with three constant distinct principal curvatures of the same multiplicity solves our problem of dimensions in which the tensor Υ may exist. Summarizing we have the following theorem, which is a reformulation of the above-mentioned Cartan's results. 
if and only if n = n k = 3k+2 for k = 1, 2, 4, 8. Modulo the action of the SO(n k ) group all such tensors are given by Proposition 2.2.
Representations of SU(3), Sp(3) and F 4
It is known that there are real irreducible representations of the group SU(3) in dimensions: 
. The group of (local) symmetries is called a symmetry group of (M, g, Υ ).
As we know the tensor field Υ reduces the structure group of the bundle of orthonormal frames over M to one of the groups H k of Proposition 2.2. We also know that the Lie algebra
2 R n k of Proposition 4.1. Thus, at each point, every element F of the Lie algebra h k may be considered to be an endomorphism of R n k . This defines an element
and, point by point, induces the natural action ρ(f ) of the group H k on the vector-valued 1-forms
by:
This, enables for local description of an H k structure on M by means of a coframe
on M, given up to the H k transformations (5.1).
For such a class of coframes the Riemannian metric g is
, and the tensor Υ , reducing the structure group from SO(n k ) to H k , is 
where γ α are 1-forms on M and for each α the symbols E α = (E α I J ) denote constant n k × n k -matrices which form a basis of the Lie algebra h k . The explicit expressions for E α are presented in Appendix A. The connection Γ , having values in h k ⊂ so(n k ), is necessarily metric. Via the Cartan structure equations,
it defines the torsion 2-form T I and the h k -curvature 2-form R I J . Using these forms we define the torsion tensor
The connection satisfies the first Bianchi identity
and the second Bianchi identity
with the covariant differential defined by
Since the H k preserves g and Υ we have the following proposition.
Proposition 5.4. Every
and preserves tensor Υ Γ ∇v(Υ) ≡ 0 ∀v ∈ TM.
Characteristic connection
In this section we consider
where Γ ∈ h k ⊗ R n k and T ∈ 3 R n k . Such H k structures are interesting, since for them, contrary to the generic case, the decomposition (6.1) defines a unique h k -valued connection Γ . Moreover, given the unique decomposition (6.1), we may rewrite the Cartan structure equations
is called the characteristic connection.
Since Γ ∈ h k ⊗ R n k and T ∈ 3 R n K it is obvious from (6.1) that the Levi-Civita connection LC Γ of H k structures which admit characteristic connections must satisfy
then it is obvious that the unique decomposition (6.1) is not possible for all H k structures. Our aim now is to characterize H k structures admitting characteristic connection.
Following [3] we introduce the following definition.
for the Levi-Civita connection LC ∇ and for every vector field v on M.
The condition (6.3), when written in an adapted coframe (5.2), is
where
This motivates an introduction of the map
Comparing this with (6.4) we have the following proposition.
nearly integrable if and only if its Levi-Civita connection
It is worth noting that each of the last four rows of (6.5) resembles the l.h.s. of equality
Due to the first equality in (6.5) we also have
This proves the following lemma.
Lemma 6.4. Since
Thus, comparing this with (6.2) we have the following proposition.
Proposition 6.5. Among all H k structures only the nearly integrable ones may admit characteristic connection.
It is known [3] that if n k = 5 then the nearly integrability condition is also sufficient for the existence of a characteristic connection. To see that it is no longer true for all n k we need to see how the intersections
• If n k = 8 then
1 .
• If n k = 26 then
52 .
• In particular, for n k = 5, 14 and 26 we have
This implies the following theorem.
Theorem 6.7. In dimensions n k = 5 and n k = 14 the necessary and sufficient condition for an
Proposition 6.6 also implies that the nearly integrable H k structures in dimension n k = 8 admit decomposition (6.1).
However, in this dimension condition (6.1) determines the connection Γ and the torsion T up to an additional freedom. Due
1 we see that in such a case there is a 1-parameter family of
It is clear that for n k = 8, the requirement (6. 
Using these we have the following definition
Remark 6.9. Note that for n k = 5 or n k = 14 the term: restricted nearly integrable is the same as: nearly integrable.
Looking again at Proposition 6.6 we see that the above restriction for the nearly integrable SU(3) or F 4 structures in respective dimensions n k = 8 and n k = 26 is precisely the one that gives the sufficient conditions for the existence and uniqueness of the characteristic connection. Summarizing we have the following theorem.
Theorem 6.10. A necessary and sufficient condition for an
to admit a characteristic connection is that this structure is restricted nearly integrable.
Remark 6.11. Note, that if n k = 5 then, out of the a priori 50 independent components of the Levi-Civita connection LC Γ , the (restricted) nearly integrable condition (6.1) excludes 25. Thus, heuristically, the (restricted) nearly integrable SO(3) structures constitute 'a half' of all the possible SO(3) structures in dimension 5.
If n k = 8 the Levi-Civita connection has 224 components. The restricted nearly integrable condition reduces it to 118. For n k = 14 these numbers reduce from 1274 to 658. For n k = 26 the reduction is from 8450 to 3952.
Classification of the restricted nearly integrable H k structures
We classify the possible types of the restricted nearly integrable H k structures according to the H k irreducible decompositions of the spaces 3 R n k in which the torsion T of their characteristic connections resides. Using a computer algebra package for Lie group computations 'LiE' [12] we easily arrive at the following proposition. This provides an analog of the Gray-Hervella [10] classification for the restricted nearly integrable H k structures. We close this section with a remark on possible types of the curvature R of the characteristic connections.
Remark 7.2. In the below formulae n k V j denote the j-dimensional irreducible representation space for H k which did not appear in Proposition 4.1.
• • 
Here ρ is the irreducible representation of H k in R n k . 
The 'magic square'
We now concentrate on the Lie algebras h k and g k corresponding to groups H k and G k appearing in the second and the third columns of the table included in Theorem 8.1. We note that these Lie algebras constitute the first two columns of the 'magic square' [17, 18] :
su (3) 2su (3) su (6) 
In agreement with the previous notation let us denote by H k , G k , G k andG k the compact Lie groups corresponding to the Lie algebras of the first, the second, the third and the fourth respective columns of the magic square. Since G k /H k are the torsionless compact models for H k geometries, it may seem reasonable to consider spaces G k /G k andG k /G k as the torsionless models for new special Riemannian geometries with a characteristic connection. Unfortunately the homogeneous spaces
However, if we replace the second column in the magic square by
then the Lie groups G k corresponding to these Lie algebras define the irreducible Riemannian symmetric spaces
Similarly if we replace the third column in the magic square by (2) su(6) ⊕ su (2) so (12)⊕su (2) e 7 ⊕ su (2) then the Lie groups G k corresponding to these Lie algebras define the irreducible Riemannian symmetric spacesG k /G k . Thus starting from the second and the third columns of the table in Theorem 8.1, via the magic square, we arrived at 12 symmetric spaces.
SU(3)/SO(3)
Sp ( 
These 12 symmetric spaces can be considered as torsionless models for special geometries on Riemannian manifolds M with the following dimensions and structure groups:
A quick look at Cartan's list of the irreducible symmetric spaces of compact type suggests that the special Riemannian geometries appearing in this list should be supplemented by the two 'exceptional' possibilities:
(1) dim M = 32, with the structure group SO(10)×SO(2) and with the torsionless model of compact type M = E 6 /(SO(10)×
SO(2))
(2) dim M = 8, with the structure group SU(2) × SU(2) and with the torsionless model of compact type M = G 2 /(SU(2) ×
SU(2)).
Although these two possibilities are not implied by the magic square, we are convinced that their place is in the above table: item (1) should stay in the second column for dim M in the row between dimensions 30 and 54, and item (2) should stay in the third column for dim M in the 'zeroth' row, before dimension 28.
It is interesting if all these geometries admit characteristic connection. Also, we do not know which objects in R dim M reduce the orthogonal groups SO(dim M) to the above-mentioned structure groups. Are these symmetric tensors, as was in the case of the groups H k ?
Examples in dimension 8
In the following sections we will briefly discuss the two different 8-dimensional cases, namely: the restricted nearly integrable SU(3) geometries and the SU(2) × SU(2) geometries. In particular, we provide nontrivial examples of restricted nearly integrable SU(3) structures. We also explain how to define an SU(2) × SU(2) structure by means of a symmetric tensor of the sixth order.
SU(3) structures
It is interesting to note that in the decomposition of 3 R 8 onto the SU(3)-invariant components (see Proposition 7.1) there exists a 1-dimensional subspace 8 2 1 . This space, in the adapted coframe of Definition 5.3, is spanned by a 3-form
where (τ 1 , τ 2 , τ 3 ) are 2-forms
spanning the 3-dimensional irreducible representation 
so(3) of SO(3).
Note that the 3-form ψ can be considered in R 8 without any reference to tensor Υ . It is remarkable that this 3-form alone reduces the GL(8, R) to the irreducible SU(3) in the same way as Υ does. 1 If one thinks that formula (9.1) is written in the orthonormal coframe θ then one gets the reduction from GL(8, R) via SO(8) to the irreducible SU(3). Thus, in dimension 8, the H k structure can be defined either in terms of the totally symmetric Υ or in terms of the totally skew symmetric ψ. 
and the self-dual 2-forms
play in the relations [16] between G 2 structures in dimension seven and SU(2) structures in dimension four.
We also note that the SU(3)-invariant 3-form ψ can be used to find the explicit decomposition of an arbitrary 3-form ω in 3 R 8 onto the irreducible components mentioned in Proposition 7.1. Indeed, given an SU(3) structure (M, g, Υ ) on an 8-manifold M we may write an arbitrary 3-form ω in the adapted coframe θ of Definition 5.3 as ω = 1 6 iffΥ (ψ(ω)) = 20ψ(ω),
• in 8 2 8 iffΥ (ψ(ω)) = −6ψ(ω),
• in 8 2 20 iffΥ (ψ(ω)) = −8ψ(ω),
• in 8 2 27 iffΥ (ψ(ω)) = 4ψ(ω). 
Structures with (8 + l)-dimensional symmetry group
In the following we will apply the following construction. 
are invariant on G when Lie transported along the flows of vector fields X α . In such a case both g and Υ project to well defined nondegenerate tensors on the 8-dimensional homogeneous space M = G/H. These projected tensors, which we will also respectively denote by g and Υ , define the SU(3) structure (M, g, Υ ) on M.
Restricted nearly integrable structures with maximal symmetry groups
It follows that the restricted nearly integrable SU(3) structures with maximal symmetry groups are locally equivalent to the torsionless models of Theorem 8.1. Thus the possible maximal symmetry groups G are:
The three cases are distinguishable by means of the sign of a real constant λ, which is related to the Ricci scalar of the Levi-Civita/characteristic connection of the corresponding torsionless SU(3) structure.
We illustrate this statement by using the left invariant coframe (θ I , γ α ) on G discussed in the preceding section. Here it satisfies the following differential system
where the characteristic connection matrix Γ I J is related to the 1-forms γ α , α = 1, 2, . . . , 8, via: 
and the curvature R I J is given by
where the 2-forms κ α are given by
Now, the system guarantees that the Lie derivatives of the structural tensors g and Υ of (9.2) with respect to all vector fields
Thus, the quotient spaces are equipped with SU(3) structures locally equivalent to the natural SU(3) structures on
Since in such cases the Riemannian holonomy group is reduced to SU(3), the Riemannian curvature coincides with the curvature of the characteristic connection. The Ricci tensor of these curvatures is Einstein, Ric = λg. 8 2 27 Below we present a 2-parameter family of restricted nearly integrable SU(3) structures which are a local deformation of the torsionless model M λ>0 = SU(3). These structures have a 11-dimensional symmetry group G described by the
Examples with 11-dimensional symmetry group and torsion in
The 2-forms κ α appearing here are given in (9.4); k and t are real constants. It is easy to check that in all directions spanned by the three vector fields X α dual to γ α we have
where the structural tensors g and Υ are given by (9.2). Thus the quotient 8-manifold M = G/H, where H is generated by X α , is equipped with an SU(3) structure (M, g, Υ ). As mentioned above, this structure is restricted nearly integrable. It has the characteristic connection Γ given by (9.3) with
The torsion T of Γ is of a pure type. It lies in the 27-dimensional representation 8 2 27 . The torsion 3-form T reads:
Remarkably this form is coclosed, so the Ricci tensor Ric Γ of the characteristic connection is symmetric. Moreover, it is diagonal, and having torsion of a nontrivial pure type 8 2 27 . We further note that for all values of t and k the Ricci tensor for the Levi-Civita connection of this structure is also diagonal,
with eigenvalues given by λ = λ + 3t 2 , µ = µ + 115t
2 . This Ricci tensor is Einstein in the torsionless case t = 0 and when
In this later case the Ricci tensor reads
Examples with 9-dimensional symmetry group and vectorial torsion
Let G be a 9-dimensional group with a left invariant coframe (θ I , γ 1 ) on it as in Section 9.1.1. Let (e I , X 1 ) be a basis of vector fields on G dual to (θ I , γ 1 ). We assume that (θ I , γ 1 ) satisfies the following differential system
Here the real parameters t 1 , t 2 are constants.
Let H be a 1-parameter subgroup of G generated by the vector field X 1 . Now we consider g and Υ of (9.2). It is easy to check that the above differential equations for the system (θ I , γ 1 ) guarantee that on G the Lie derivatives with respect to X 1 of g and Υ identically vanish:
Thus on the homogeneous space M = G/H we have an SU(3) structure (M, g, Υ ). This SU(3) structure has the following properties.
• It is a restricted nearly integrable structure.
• It has a 9-dimensional symmetry group G.
• Its characteristic connection is given by (9.3), where
• The Ricci tensor Ric Γ of the characteristic connection is symmetric: 
hence the torsion 3-form T is coclosed.
• The Ricci tensor Ric LC of the Levi-Civita connection is 
We note that if t 1 = 0 or t 2 = 0 both the Ricci tensors Ric Γ and Ric LC in the example above are diagonal. Below we present another 2-parameter family of examples with this property. Now the 9-dimensional group G has the basis of the left invariant forms (θ I , γ 1 ) such that:
where c and t are constants. The homogeneous space M = G/H, where H is a 1-dimensional subgroup of G generated by X 1 dual to γ 1 , is equipped with a restricted nearly integrable SU(3) structure (M, g, Υ ) via (9.2). The characteristic connection is given by (9.3) with
In this 2-parameter family of examples the skew symmetric torsion is again of purely vectorial type T ∈ 8 2 8 ; its corresponding 3-form is given by
As announced above both the Ricci tensors are now diagonal for all values of c and t. Introducing the eigenvalues
Of course the group G is a symmetry group of this restricted nearly integrable SU(3) structure.
We close this section with the following theorem, whose proof based on the Bianchi identities, is purely computational. 
This theorem, in particular, implies that the Ricci tensor of the characteristic connection for such structures is symmetric.
SU(2) × SU(2) structures
In this section we consider SU(2)×SU(2) structures in dimension eight modeled on the torsionless structure G 2 /(SU(2)× SU(2)). The approach presented here should be useful in studies of the other exceptional case concerning the SO(10)×SO(2) structures in dimension 32.
In full analogy with H k structures we start with the identification of R 8 with a space of the antisymmetric block matrices These four relations reduce the 12 free parameters present in an arbitrary 3 × 4 matrix to 8 parameters. Now defining Now we define a representation ρ of the group SU(2) × SU(2) in R 8 , which will enable us to define an SU(2) × SU(2) structure in dimension eight.
We use two different representations of SU(2) in dimension seven: The representation ρ 1 generated by 7 × 7-matrices
such that 
, and the representation ρ 2 generated by 7 × 7 matrices
We note that
where ijk is the Levi-Civita symbol in 3-dimensions.
Now, we consider all the 7 × 7-matrices of the form
They constitute a 7-dimensional representation ρ 7 of the full group SU(2) × SU(2). 
Remarkably, hι( X)h
is a good action of SU(2) × SU(2) on M 8 . Thus, using the isomorphism ι we get the 8-dimensional representation ρ of SU(2) × SU(2) given by
Given an element X ∈ R 8 we consider its characteristic polynomial
This polynomial is invariant under the SU(2) × SU(2)-action given by the representation ρ of (9.7),
Thus, all the coefficients of P X (λ), which are multilinear in X, are SU(2) × SU(2)-invariant. 
With this choice the bilinear form g of (9.8) reads:
The 6-linear form γ of (9.8) defines a tensor
This tensor has the following properties.
• It reduces GL(8, R), via SO(8), to SU(2) × SU(2).
• The 6th order polynomial
of variables x
The properties (a)-(c) show that Φ cannot be interpreted as the Cartan polynomial (3.1) and (3.2) defining an isoparametric hypersurface in S 7 . But we can modify it so that the redefined polynomial satisfies (3.1) and (3.2). Indeed, using properties (a)-(c) it is easy to see that the 6th order homogeneous polynomial
3 is a solution of (Cii)
Thus, via (3.3), the polynomial F defines an isoparametric hypersurface in S 7 which has p = 6 distinct constant principal eigenvalues. Note that since both Φ and g( X, X) are SU(2) × SU(2)-invariant, the polynomial F is also so. Hence a stabilizer, under the action of GL(8, R), of a 6th order symmetric tensor Υ IJKLMN defined by
contains the group SU(2) × SU(2). Actually we have the following proposition. Following the case of H k structures we use the tensor Υ IJKLMN of (9.9) to define an endomorphism Υ : and we have
Of course the Lie algebra representation ρ is the derivative of the 8-dimensional representation ρ of SU(2) × SU(2) considered in (9.7). Now, we define the SU(2) × SU(2) structure on an 8-manifold as a structure equipped with the Riemannian metric g and the 6-tensor Υ , which in an orthonormal coframe θ I is given by
N with Υ IJKLMN of (9.9). Having this, we may use the above proposition (and the basis of For n k = 8 we have: For n k = 14 we have: 
